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Abstract
Phenomenological implications of a class of lepton mass matrices with par-
allel texture structure have been examined and phenomenologically interesting
constraints on charged lepton and neutrino mass matrix parameters have been
obtained.
1 INTRODUCTION
Mass matrices provide important tools for the investigation of the underlying symme-
tries and the resulting dynamics. The first step in this direction is the reconstruction
of the neutrino mass matrix in the flavor basis. However, the reconstruction results in
a large variety of possible structures of mass matrices depending strongly on the mass
scale, mass hierarchy and the Majorana phases. In the flavor basis, the mass matrix
for Majorana neutrinos contains nine physical parameters viz. three mass eigenval-
ues, three mixing angles and the three CP-violating phases. The two squared-mass
differences (∆m212 and ∆m
2
13) and the two mixing angles (θ12 and θ23) have been mea-
sured in solar, atmospheric and reactor experiments. The third mixing angle θ13 and
the Dirac-type CP-violating phase δ are expected to be measured in the forthcoming
neutrino oscillation experiments. The possible measurement of the effective Majo-
rana mass in neutrinoless double decay searches will provide an additional constraint
on the remaining three neutrino parameters viz. the neutrino mass scale and two
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Majorana CP-violating phases. While the neutrino mass scale will be independently
determined by the direct beta decay searches and cosmological observations, the two
Majorana phases will not be uniquely determined even if the absolute neutrino mass
scale is known. Thus, it is not possible to fully reconstruct the neutrino mass matrix
with the observations from the presently feasible experiments. Under the circum-
stances, it is natural to employ other theoretical inputs for the reconstruction of the
neutrino mass matrix. The possible forms of these additional theoretical inputs are
constrained by the existing neutrino data. Several proposals have been made in the
literature to restrict the form of the neutrino mass matrix by reducing the number
of free parameters which include presence of texture zeros [1, 2, 3, 4, 5, 6, 7, 8],
requirement of zero determinant [9, 10] and the zero trace condition [11] amongst
others. Some attempts aimed at understanding the pattern of quark/lepton masses
and mixings by introducing Abelian or non-Abelian flavor symmetries, naturally,
lead to texture zeros in the mass matrices. However, the current low energy data
are consistent with a limited number of texture zero schemes [1, 2, 3, 4, 5, 6, 7, 8].
In particular, the latest low energy data disfavor [12] all quark mass matrices with
five or more texture zeros. Four texture zero Ansa¨tze is specially important since it
can successfully describe not only the quark but also the lepton sector including the
charged lepton and neutrino masses. Furthermore, not all of the texture zeros in the
four texture zero Ansa¨tze can be obtained through weak basis transformations and,
therefore, have physical implications. In the present work, we examine a special case
of four texture zero Ansa¨tze in which the charged lepton mass matrix and Majorana
neutrino mass matrix have the same texture zero structure with zero entries at (1,1)
and (1,3) places. This Ansa¨tze has been analyzed earlier [13] under the assumption
of factorizable phases in the neutrino mass matrix which, however, is not always pos-
sible for a general complex symmetric matrix without unnatural fine tuning of the
phases. In the context of the Type II see-saw mechanism for example, the phases
of the Dirac neutrino mass matrix and the right handed Majorana neutrino mass
matrix are assumed to be fine tuned to achieve the cancellation of phases in most
of the analyses [14, 15] (and references therein) reported hitherto. In this sense, the
analyses reported so far are incomplete. The condition of factorizable phases in the
neutrino mass matrix was relaxed in [16]. However, this analysis was confined to the
investigation of neutrino hierarchy and effective Majorana mass. In the present work,
we have attempted an exhaustive analysis of a class of four-zero texture lepton mass
matrices by examining its full implications for the lepton mass matrices.
All the information about lepton masses and mixings is encoded in the hermitian
charged lepton mass matrix Ml and the complex symmetric neutrino mass matrix
Mν . In the present work, we consider a special case of four texture zero Ansa¨tze in
which the charged lepton mass matrix and Majorana neutrino mass matrix have the
same texture zero structure with zero entries at (1,1) and (1,3) places and are given
by
Ml =

 0 Al 0Al Dl Bl
0 Bl Cl

 (1)
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and
Mν =


0 Aν 0
Aν Dν Bν
0 Bν Cν

 (2)
respectively. The hermiticity ofMl requires its diagonal elements Dl and Cl to be real
whereas the non-diagonal elements Al, Bl are, in general, complex with Al = |Al|e
iφ1,
Bl = |Bl|e
iφ2 . In contrast, all the non-vanishing elements of the complex symmetric
matrix Mν are, in general, complex.
The hermitian mass matrix, Ml for the charged lepton, is diagonalized by the unitary
transformation
Ml = VlM
d
l V
†
l , (3)
where V †l = V
−1
l . The hermitian matrix Ml can, in general, be written as
Ml = PlM
r
l P
†
l (4)
where Pl is a unitary diagonal phase matrix, diag(e
iφ1, 1, eiφ2), and M rl is real matrix
which can be diagonalized by a real orthogonal matrix Ol:
M rl = OlM
d
l O
T
l (5)
where the superscript T denotes transposition and Mdl =diag(me,−mµ, mτ ). From
Eqs.(3-5), the unitary matrix Vl is given by
Vl = PlOl. (6)
Using the invariants, TrM rl , TrM
r2
l and DetM
r
l , the matrix elements |Al|, |Bl| and Cl
can be written in terms of the charged lepton masses and Dl as
Cl = me −mµ +mτ −Dl,
|Al| =
(
memµmτ
Cl
) 1
2
, (7)
|Bl| =
[
(mτ −mµ −Dl)(mτ +me −Dl)(mµ −me +Dl)
Cl
] 1
2
.
Here, Dl should be in the range (me −mµ) < Dl < (mτ −mµ) for the elements |Al|
and |Bl| to be real.
Using Eq. (7), the elements of the diagonalizing matrix, Ol can be written in terms
of charged lepton masses me, mµ, mτ and charged lepton mass matrix element Dl,
3
which are given by
O11 =
√
mµmτ (mτ−mµ−Dl)
(me−mµ+mτ−Dl)(me+mµ)(mτ−me)
O12 =
√
mτme(mτ+me−Dl)
(me−mµ+mτ−Dl)(me+mµ)(mτ+mµ)
O13 =
√
memµ(mµ−me+Dl)
(me−mµ+mτ−Dl)(mµ+mτ )(mτ−me)
O21 =
√
me(mτ−mµ−Dl)
(me+mµ)(mτ−me)
O22 =
√
mµ(mτ+me−Dl)
(mµ+mτ )(me+mµ)
O23 =
√
mτ (mµ−me+Dl)
(mτ−me)(mµ+mτ )
O31 =
√
me(mµ−me+Dl)(mτ+me−Dl)
(me−mµ+mτ−Dl)(mµ+me)(mτ−me)
O32 =
√
mµ(mµ−me+Dl)(mτ−mµ−Dl)
(me−mµ+mτ−Dl)(mτ+mµ)(me+mµ)
O33 =
√
mτ (mτ−mµ−Dl)(mτ+me−Dl)
(me−mµ+mτ−Dl)(mµ+mτ )(mτ−me)


(8)
If Dl is known the diagonalizing matrix Ol and the charged lepton mass matrix M
r
l
are fully determined since the charged lepton masses are known.
The complex symmetric neutrino mass matrix, Mν is diagonalized by an orthogonal
matrix, Vν
Mν = VνM
diag
ν V
T
ν . (9)
The neutrino mixing matrix or Pontecorvo-Maki-Nakagawa-Sakata matrix, UPMNS,
is given by
UPMNS = V
†
l Vν . (10)
The neutrino mixing matrix UPMNS consists of three non trivial CP-violating phases:
the Dirac phase, δ, and two Majorana phases, α and β, and, three neutrino mixing
angles viz. θ12, θ23 and θ13. The neutrino mixing matrix can be written as product
of two matrices characterizing Dirac and Majorana type CP violation
UPMNS = UP (11)
where U and P are given by
U =

 c12c13 s12c13 s13e
−iδ
−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e
iδ s23c13
s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e
iδ c23c13

 , P =


1 0 0
0 eiα 0
0 0 ei(β+δ)

 .
(12)
Using Eqs. (9) and (10), the neutrino mass matrix Mν can be written as
Mν = PlOlUPMNSM
diag
ν U
T
PMNSO
T
l Pl. (13)
The two zero textures in Mν yield two complex equations viz.
m1a
2 +m2b
2e2iα +m3c
2e2i(β+δ) = 0 (14)
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and
m1ad+m2bge
2iα +m3che
2i(β+δ) = 0 (15)
where the complex coefficients a, b, c, d, g and h are given by
a = O11Ue1 +O12Um1 +O13Ut1,
b = O11Ue2 +O12Um2 +O13Ut2,
c = O11Ue3 +O12Um3 +O13Ut3,
d = O31Ue1 +O32Um1 +O33Ut1,
g = O31Ue2 +O32Um2 +O33Ut2,
h = O31Ue3 +O32Um3 +O33Ut3.
(16)
Solving Eqs. (14-15) for the two mass ratios
(
m1
m2
)
and
(
m1
m3
)
, we obtain
m1
m2
e−2iα = b(cg−bh)
a(ah−cd)
,
m1
m3
e−2iβ = c(bh−cg)
a(ag−bd)
e2iδ.
(17)
One can enumerate the number of parameters in Eqs. (17). The nine param-
eters (three neutrino mixing angles (θ12, θ23, θ13), three neutrino mass eigenvalues
(m1, m2, m3), two Majorana phases (α, β) and one Dirac-type CP violating phase,
δ) come from neutrino sector and four parameters (three charged lepton masses
(me, mµ, mτ ) and Dl) come from charged lepton sector, thus, totalling 13 parame-
ters. The three charged lepton masses are [17]
me = 0.510998910MeV,mµ = 105.658367MeV,mτ = 1776.84MeV. (18)
The experimental constraints on the neutrino parameters at one standard deviation
are [18]
∆m212 = 7.67
+0.22
−0.21 × 10
−5eV 2,
∆m213 = (2.37± 0.15)× 10
−3eV 2,
θ12 = 34.5± 1.4,
θ23 = 42.3
+5.1
−3.3.
(19)
Only an upper bound is known on the mixing angle θ13 from the CHOOZ experiment.
However, the latest global analysis [19] gives
sin2 θ13 = 0.016
+0.01
−0.01 (20)
which is non-zero at 90% C.L.. The parameters δ and Dl are varied uniformly within
their full ranges. Thus, we are left with three unknown parameters viz. m1, α, β.
From Eqs. (17), two mass ratios (m1
m2
) and (m1
m3
) can be written as
m1
m2
=
∣∣∣∣∣ b(cg − bh)a(ah− cd)
∣∣∣∣∣ , (21)
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m1
m3
=
∣∣∣∣∣ c(bh− cg)a(ag − bd)e2iδ
∣∣∣∣∣ . (22)
For the simultaneous existence of two texture zeros at (1, 1) and (1, 3) positions in
Mν , the two values of m1 given by
m1 =
(
m1
m2
)√√√√√ ∆m212
1−
(
m1
m2
)2 (23)
and
m1 =
(
m1
m3
)√√√√√∆m212 +∆m223
1−
(
m1
m3
)2 , (24)
calculated from the mass ratios
(
m1
m2
, m1
m3
)
, respectively, must be identical. This con-
straint can be used to constrain the unknown variables δ, Dl and the third mixing
angle θ13 which has not been measured experimentally as yet. We have, also, cal-
culated the effective Majorana mass Mee appearing in the neutrinoless double beta
decay for the allowed parameter space
Mee = m1|Ue1|
2 +m2|Ue2|
2 +m3|Ue3|
2. (25)
The Majorana phases α and β are given by
α = −
1
2
arg
(
b(cg − bh)
a(ah− cd)
)
, (26)
β = −
1
2
arg
(
c(bh− cg)
a(ag − bd)
× e2iδ
)
. (27)
Using these relations, the Majorana phases α and β have been calculated for the
allowed values of δ, θ13 and Dl.
2 Results and Discussion
The δ, θ13 and Dl parameter space allowed by the current neutrino oscillation data
have been depicted in Fig. 1(a) and 1(b) as two dimensional scatter plots. We
see that there are two distinct solutions in the (δ, θ13, Dl) parameter space. The
more probable solution corresponds to lower values of Dl and will be called ”low Dl”
solution, henceforth. The less probable solution corresponds to higher values of Dl
and will be referred to as the ”high Dl” solution in the following discussion. In Fig.
1(c) and 1(d) Mee −Dl and α− β correlation plots have been depicted. It is evident
from Fig. 1 that these two solutions of Dl have distinguishing implications, especially,
for θ13. One of the characterizing feature of low Dl solution is the existence of lower
bound on θ13 i.e. θ13 > 2.8
o. The 95% C.L. ranges of θ13 and Dl for these two solutions
have been given in Table 1. Majorana mass term Mee is sharply constrained having
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values of the order of 10−3 for low Dl solution, However, for high Dl a wide range
of Mee is allowed. The 95% C.L. ranges of Mee for these two solutions are tabulated
in Table 1. Also, it can be inferred from Fig. 1 that Dirac-type CP-violating phase
δ (Fig. 1(b)) and Majorana phase β (Fig. 1(d)) remain unconstrained for low as
well as high Dl solution. However, Majorana phase α is constrained to the range
60o − 120o for high Dl. In Fig. 2. we have plotted lightest neutrino mass eigenvalue
m1 with θ13 for low (left) and high Dl (right) region. This plot has been reported
earlier [16], however, no constraints have been obtained on Dl and θ13. It is noted
that the analysis done in [16] corresponds to low Dl solution obtained in the present
work. We have obtained an upper bound on m1 of the order of 10
−2 for low as well
as high Dl solution which is in agreement with that obtained in [16]. Also, we find
that m1 is bounded from below for low and high Dl regions for θ13 < 8
o and < 10o,
respectively.
It should be noted that in performing numerical analysis we have used value of θ13
obtained from global analysis of neutrino data, given by Eq. (20). However, measure-
ment of θ13 is the main goal of the future experiments on neutrino oscillations. The
upcoming and proposed experiments in this context include Double CHOOZ [20, 21],
Daya Bay [22, 23] and RENO [24]. Double CHOOZ is planned to explore sin22θ13
down to 0.06 in phase-I (0.03 in the later stages) and will be the first to report any
observation on θ13. The Daya Bay experiment has a higher sensitivity and plans to
observe sin2 2θ13 down to 0.01. In this light it will be useful to relax the constraint
on θ13 [Eq. (20)] and examine the phenomenological implications of this Ansa¨tz for
small θ13. We have considered three representative values of sin
22θ13 viz. 0.01, 0.03
and 0.06 and examined the implications for the CP- violating phases α, β and δ
depicted in Fig. 3 and Fig. 4, respectively, for low and high DL solutions. It can
be seen from Fig. 3(a) and Fig. 3(b) that as sin2 2θ13 is decreased, the Majorana
phases α, β becomes more constrained. Furthermore, Dirac-type CP-violating phase
δ is constrained to narrower ranges as sin2 2θ13 is lowered which is evident from Fig.
4(a). However, for high Dl solution δ remain unconstrained. There is no solution for
low Dl with sin
22θ13 = 0.01 in Fig. 3. and Fig. 4 because for low Dl the third mixing
angle θ13 > 3
o which is, also, evident from Fig. 1(a).
3 Conclusions
In conclusion, we have considered a class of lepton mass matrices with parallel texture
structure in charged lepton and Majorana neutrino mass matrices and obtained inter-
esting constraints on the parameters of lepton mass matrices. An interesting feature
of this analysis is the rather strong constraints obtained on θ13 and the emergence of
two classes of solutions corresponding to ’low Dl’ and ’high Dl’ which is in contrast
to the analysis reported earlier [16]. The implications of these two classes have been
examined for the unknown parameters of the neutrino mass matrix like θ13, Mee and
CP-violating phases without the assumption of factorizable phases in the neutrino
mass matrix. Some of the predictions of this analysis are testable in the forthcoming
7
neutrino experiments.
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Parameter Low Dl High Dl
θ13 5.4
o − 11.2o 3.4o − 11.2o
Dl (−85− 415) MeV (1555− 1665) MeV
Mee (1.0− 1.5)× 10
−3 eV (0.9− 18.0)× 10−4 eV
Table 1: The ranges of θ13, Dl and Mee at 95% C.L..
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Figure 1: The parameter space allowed by the current neutrino oscillation data [18]
and θ13 from global analysis [19]. The scatter plots of θ13, δ, Mee with Dl and of β
with α. Low Dl (high Dl) solution is represented by symbol ’plus’ (’cross’).
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Figure 2: (m1 − θ13) correlation plots for low Dl (left) and high Dl (right).
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Figure 3: Correlation plot of the allowed points in (α−β) plane for low Dl (left) and
high Dl region (right).
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Figure 4: (Dl− δ) correlation plot for sin
22θ13 = 0.01, sin
22θ13 = 0.03 and sin
22θ13 =
0.06 in low (left) and high (right) Dl region.
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